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Abstrat. Every measurable funtion f on the irle T an be repre-
sented as a sum of harmonis with positive spetrum,
f(t) =
∑
k>0
cke
ikt
onverging in measure. For onvergene almost everywhere this is not
true. We disuss several other sets Λ ⊂ Z for whih one might get a
Menshov type representation onverging almost everywhere or in mea-
sure.
1. Menshov's Theorem
We denote by L0(T) the spae of measurable funtions f : T → C. D.
E. Menshov proved (1940) that every f ∈ L0(T) an be expanded in a
trigonometri series
(1) f(t) =
∑
k∈Z
cke
ikt
onverging almost everywhere (a.e.), see [1℄. This famous result simulated
many further investigations. We mention here only papers [2-6℄. The reader
may nd a omprehensive bibliography in the survey [7℄.
The expansion (1) in general is in no sense the Fourier expansion of f .
The oeients {ck} are dened by a speial onstrution, involving some
free parameters; this makes the expansion far from unique. In partiular one
may use high frequeny harmonis only. Even innitely many frequenies
an be removed.
2. Launary Menshov Spetra
We introdue the following
Denition. A set Λ of integers, Λ = {λ(n) ; . . . < λ(−1) < λ(0) < λ(1) <
. . .} is a Menshov spetrum if every f ∈ L0(T) admits a representation
f(t) =
∑
k∈Λ
cke
ikt ≡ lim
N→∞
∑
k∈Λ,|k|≤N
cke
ikt
onverging a.e.
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It is well known that a Menshov spetrum may have density zero. The
following version of the result is due to Arutyunyan [4℄: if Λ is a symmetri
set with respet to zero ontaining arbitrarily long segments of integers then
it is a Menshov spetrum.
Our rst result shows that Menshov spetra may even be launary, that
is satisfy the ondition
λ(n + 1)− λ(n)→∞ (|n| → ∞)
and the sizes of the gaps may grow quite fast. Certainly, it is impossible to
ahieve Hadamarian launarity in a Menshov spetrum, but one might get
arbitrarily lose.
Theorem 1. Given a positive sequene ǫ(n) = o(1) as n → ∞, one an
dene a Menshov spetrum Λ suh that
λ(−n− 1)
λ(−n)
,
λ(n+ 1)
λ(n)
> 1 + ǫ(n) n = 1, 2, . . .
For spei Λ, even if the gaps grow slowly, it might be diult to identify
Menshov spetra; some arithmeti obstales may appear. The following
result onerns perturbation of squares:
Theorem 2. For any sequene w(k) → ∞ as k → ∞ one an onstrut a
Menshov spetrum Λ,
Λ =
{
±k2 + o(w(|k|))
}
.
This result is sharp, the reminder annot be replaed by O(1).
3. The Analyti Case
Now we onsider Λ = Z+. Our rst observation is that it is not a Menshov
spetrum. Indeed, having an expansion
f(t) =
∑
k>0
cke
ikt a.e. on T,
onsider the orresponding analyti funtion F on the dis |z| < 1
F (z) =
∑
k>0
ckz
k .
For almost every t ∈ T, F (z) → f(t) when z approahes the point eit
non-tangentially. So, aording to Lusin-Privalov uniqeness theorem, see
for example [8℄, f an not vanish on a set of positive measure unless it is
identially zero. It turns out, however, that replaing pointwise onvergne
by onvergene in the L0 metri (that is, onvergene in measure) we may
again get an unrestrited representation theorem
Theorem 3. Every f ∈ L0(T) an be represented as a sum
(2) f(t) =
∑
k>0
cke
ikt
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onverging in measure.
Atually, we have the result in the following stronger form:
Theorem 4. Given f ∈ L0(T) one an dene oeients {ck} and ompats
Kn ⊂ T, m (T \Kn) → 0, suh that the expansion (2) holds in L
2(Kn) for
all n.
In addition one an require sharp onditions on the derease of the oef-
ients ck (ertainly, beyond l2), for example {ck} ∈ l2+ǫ for any ǫ > 0.
Remarks. (1) In the theorem above one an replae onvergene in L2
of Kn by L
p
-onvergene for any p < ∞ (but not for p = ∞). Suh
kind of onvergene for any 1 ≤ p < ∞ was onsidered by Talalyan
[3℄ in his representation results with respet to omplete orthonormal
systems and bases. He used the term asymptoti onvergene in Lp
for it.
(2) Theorem 3 admits also funtions f : T→ R ∪ {±∞}. This improves
the Menshov representation theorem for suh funtions (see [2℄) by
replaing the whole spetrum Z by Z
+
.
(3) It might be interesting to ompare theorems 3 and 4 with the radial
representation theorem of Kahane and Katznelson [9℄, where f is
obtained as the radial limit a.e. of an analyti funtion.
The launary versions of the theorems of this setion are also true. For
example:
Theorem 5. Given 0 < ǫ(n) = o(1) one an dene Λ ⊂ Z+, λ(n+1)
λ(n) >
1 + ǫ(n) suh that every f ∈ L0(T) admits a representation
(3) f(t)
L0
=
∑
k∈Λ
cke
ikt
Theorem 6. For any sequene w(k) → ∞ as k → ∞ one an onstrut a
set Λ ⊂ Z+,
Λ =
{
k2 + o(w(|k|))
}
.
suh that every f ∈ L0(T) admits a representation (3)
Again, the result is sharp: it is not true for a bounded perturbation of the
squares. We onlude with the following result in the spirit of Arutyunyan
[4℄
Theorem 7. If a set Λ ⊂ Z+ ontains arbitrarily long segments then ∀f ∈ L0
an be represented as in (3).
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